Abstract. Here we present general integral inequalitites involving convex and increasing functions applied to products of functions. As specific applications we derive a wide range of fractional inequalities of Hardy type. These involve the left and right: Erdélyi-Kober fractional integrals, mixed Riemann-Liouville fractional multiple integrals. Next we produce multivariate Poincaré type fractional inequalitites involving left fractional radial derivatives of Canavati type, Riemann-Liouville and Caputo types. The exposed inequalities are of Lp type, p ≥ 1, and exponential type.
Introduction
We start with some facts about fractional derivatives needed in the sequel, for more details see, for instance [1] , [10] . We start with the definition of the Riemann-Liouville fractional integrals, see [13] . Let 
respectively. Here Γ (α) is the Gamma function. These integrals are called the left-sided and the right-sided fractional integrals. We mention some properties of the operators I α a+ f and I α b− f of order α > 0, see also [16] . The first result yields that the fractional integral operators I α a+ f and
where
Inequality (3), that is the result involving the left-sided fractional integral, was proved by H. G. Hardy in one of his first papers, see [11] . He did not write down the constant, but the calculation of the constant was hidden inside his proof. Next we follow [12] . Let (Ω 1 , Σ 1 , µ 1 ) and (Ω 2 , Σ 2 , µ 2 ) be measure spaces with positive σ-finite measures, and let k : Ω 1 × Ω 2 → R be a nonnegative measurable function, k (x, ·) measurable on Ω 2 and
We suppose that K (x) > 0 a.e. on Ω 1 , and by a weight function (shortly: a weight), we mean a nonnegative measurable function on the actual set. Let the measurable functions g : Ω 1 → R with the representation
where f : Ω 2 → R is a measurable function. k (x, y) K (x) dµ 1 (x) < ∞.
If Φ : [0, ∞) → R is convex and increasing function, then the inequality ∫
ν (y) Φ (|f (y)|) dµ 2 (y) (8) holds for all measurable functions f : Ω 2 → R such that: (i) f, Φ (|f |) are both k (x, y) dµ 2 (y)-integrable, µ 1 -a.e. in x ∈ Ω 1 , (ii) νΦ (|f |) is µ 2 -integrable, and for all corresponding functions g given by (6) .
Important assumptions (i) and (ii) are missing from Theorem 2.1. of [12] . In this article we use and generalize Theorem 1 for products of several functions and we give wide applications to Fractional Calculus.
Main results
Let (Ω 1 , Σ 1 , µ 1 ) and (Ω 2 , Σ 2 , µ 2 ) be measure spaces with positive σ-finite measures, and let k i : Ω 1 × Ω 2 → R be nonnegative measurable functions, k i (x, ·) measurable on Ω 2 , and
on Ω 1 , and the weight functions are nonnegative measurable functions on the related set. We consider measurable functions g i : Ω 1 → R with the representation
where f i : Ω 2 → R are measurable functions, i = 1, . . . , m.
Here u stands for a weight function on Ω 1 . The first introductory result is proved for m = 2.
Theorem 2. Assume that the functions
Let p, q > 1 :
for all measurable functions
and for all corresponding functions g i (i = 1, 2) given by (10) .
Proof. Notice that Φ 1 , Φ 2 are continuous functions. Here we use Hölder's inequality. We have ∫
are convex, increasing and continuous nonnegative functions, and by Theorem 1 we get)
The general result follows
Theorem 3. Assume that the functions
(i = 1, 2, . . . , m ∈ N) x → ( u (x) · k i (x,y) K i (x) ) are integrable on Ω 1 , for each fixed y ∈ Ω 2 . Define u i on Ω 2 by u i (y) := ∫ Ω 1 u (x) k i (x, y) K i (x) dµ 1 (x) < ∞.(15)Let p i > 1 : ∑ m i=1 1 p i = 1. Let the functions Φ i : R + → R + , i = 1, . . . ,
m, be convex and increasing. Then
∫
and for all corresponding functions g i (i = 1, . . . , m) given by (10) .
Proof. Notice that Φ i , i = 1, . . . , m, are continuous functions. Here we use the generalized Hölder's inequality. We have ∫
. . , m, are convex, increasing and continuous, nonnegative functions, and by Theorem 1 we get)
proving the claim.
, we get by Theorems 2, 3 the following:
) is integrable on
and for all corresponding functions g i (i = 1, . . . , m) given by (10).
Next we give two applications of Theorem 3.
Theorem 6. Assume that the functions
Theorem 7. Assume that the functions
Let
We need
We consider the left-and right-sided fractional integrals of order α as follows:
2) for η > 0, we define
These are the Erdélyi-Kober type fractional integrals.
We remind the Beta function
for ℜ (x) , ℜ (y) > 0, and the Incomplete Beta function
where 0 < x ≤ 1; α, β > 0. We make Remark 9. Regarding (27) we have
x, y ∈ (a, b), χ stands for the characteristic function. Here
Hence
Indeed it is
We also make Remark 10. Regarding (28) we have
x, y ∈ (a, b). Here
That is
We give Theorem 11. Assume that the function
Proof. By Corollary 5.
Remark 12.
In (42), if we choose
then
Based on the above, (43) becomes
, under the assumptions: (i) following (43), and
Proof. By Theorem 11 and (47).
Proof. By Theorem 11 and (47).
We present
Theorem 15. Assume that the function
m, be convex and increasing. Then
Remark 16. Here 0 < a < b < ∞; α, σ, η > 0. In (50), if we choose
then u 2 (y) = σy
Based on the above, (51) becomes
, under the assumptions: (i) following (51), and
, under the assumptions:
,
Proof. By Theorem 15 and (55).
under the assumptions:
Proof. By Theorem 15 and (55).
We make
, and set a = (a 1 , . . . , a N ) , b = (b 1 , . . . , b N ), α = (α 1 , . . . , α N ), x = (x 1 , . . . , x N ) , t = (t 1 , . . . , t N ) .
We define the left mixed Riemann-Liouville fractional multiple integral of order α (see also [14] ):
We also define the right mixed Riemann-Liouville fractional multiple integral of order α (see also [12] ):
. . .
) . One can rewrite (58) and (59) as follows:
with x i > a i , i = 1, . . . , N, and
The corresponding K (x) for I α a+ is:
Similarly the corresponding K (x) for I α b− is:
Next we form
Similarly we form
We choose the weight function
We have that
If we choose as
If we choose as
Here we choose f j : 
Similarly, by (22), we obtain
Using (72) and (73) we rewrite (76), as follows
, under the assumptions: (i) following (76) and
Similarly, using (74) and (75) we rewrite (77),
, under the assumptions: (i) following (77), and
Then, by (78), we obtain
So by (80) and (81) 
We also have, by (78), that
From (79) we get
(85) So by (84) and (85) we obtain
We also have, by (79), that
, under the assumptions: 
For the following see [15, pp. 149-150] , and [17, pp. 87-88] . For x ∈ R N − {0} we can write uniquely x = rω, where r = |x| > 0, and
and
We will be using
So we are able to write an integral on the shell in polar form using the polar coordinates (r, ω) .
and
A is a spherical shell. Assume that there exists function
We call
Based on [1, p. 288] , and [5] we have
and there exists
By Theorem 21, equality (91), we obtain ∫
We have proved the following fractional Poincaré type inequalities on the shell.
Theorem 25. Here all as in Lemma 23, p ≥ 1.
It holds 1)
2) When γ = 0, we have
See the related, and proof, results in [1, pp. 458-459] with different constants and proof in the corresponding inequalities.
Similar results can be produced for the right radial Canavati type fractional derivative. We choose to omit it.
We make 
We get, by Fubini's theorem and [17, pp. 87-88] that
Above λ S N −1 is defined as follows: let A ⊂ S N −1 be a Borel set, and let
we define
We have that 
We need the following important representation result for left RiemannLiouville radial fractional derivatives, by [1, p. 466 ].
Theorem 28. Let
and that
We suppose that
valid ∀ x ∈ A; that is, true ∀ r ∈ [R 1 , R 2 ] and ∀ ω ∈ S N −1 ; γ > 0.
In particular, it holds
true ∀ x ∈ A; that is, true ∀ r ∈ [R 1 , R 2 ] and ∀ ω ∈ S N −1 , and
We give also the following fractional Poincaré type inequalities on the spherical shell.
Theorem 29.
Here all as in Theorem 28, p ≥ 1. Then 1)
2) When γ = 0, we have 
where x ∈ A, i.e. x = rω, r ∈ [R 1 , R 2 ], ω ∈ S N −1 .
Above function (119) exists almost everywhere for x ∈ A, (see [1] , p. 422). We mention the following fundamental representation result (see [1] , p. 422-423 and [5] ). ∈ L ∞ (R 1 , R 2 ) for all ω ∈ S N −1 . Here
Further assume that
true ∀ x ∈ A; i.e. true ∀ r ∈ [R 1 , R 2 ] and ∀ ω ∈ S N −1 , and
We finish with the following Poincaré type inequalities involving left Caputo radial fractional derivatives.
Theorem 32. Here all as in Theorem 31, p ≥ 1. Then 1)
Proof. As in Theorem 25, based on Theorem 31.
See also similar results in [1, p. 464 ].
